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-In this talk | would like to present a study of the notions of gauge group in
NC geometry. Besides the NC geometry of the phase-space of quantum me-
chanics NC geometry in physics is present in the study of gauge theories in
NC space, these capture a sector of string theory and arise in the study of
T-duality.

-The study of NC gauge groups can be useful to a better/deeper understanding
of gauge theories.

-Gauge theory on M with gauge group G, gauge transformations are maps M-,
G. This is true locally.

-The geometric picture is that of a principal G-bundle P— > M
The gauge group are then the automorphisms of P
We have to understand this notion in the NC context.

-NC Principal bundle. This is Hopf-Galois extension



A braided Lie algebra associated with a triangular Hopf algebra (K, R) is a
rep. g of K with

[,]:g®g—¢g

such that
(i) K-equivariance: k> [u,v] = [ka) > u, ko) > v],
(i) braided antisymmetry: [u,v] = —[Rq > v, RY > u],

(iii) braided Jacobi identity: [u, [v, w]] = [[u, v], w] + [Ra > v, [RY > u, w]],

The associated UEA U(g) is a braided Hopf Algebra.

Braided derivations of A:

DerA:={¢: A= A;¢y(ad’) = ¢¥(a)a’ + (Ra > a) (R* > ) (a')}

form a braided Lie algebra.



If Ais a braided commutative algebra:
aa' = (Ro>a) (R¥>a),

then av is a braided derivation if v is, hence Der A is an A-module.
Moreover, we have compatibility with [, ]:

[u, av] = u(a)v + Ra > a[RY > u, v] (1)

Braided Lie Algebra of Gauge Transformations

Def. Let (K,R) be a triangular Hopf algebra and B = A®°H C A a K-
equivariant Hopf-Galois extension. Infinitesimal gauge transformations are the
H-equivariant, braided vertical derivations

autH(A) :={u: A — A|d(u(a)) = ulap)) ® a,
u(aad’) = u(a)a’ 4+ (Ra > a)(RY > uw)(d'),
u(b) =0, foralla,a’ € A,b € B} .

Prop. aut}(A) is a K-braided Lie algebra.

The UEA U (aut®(A)) is a braided Hopf Algebra.
If Ais quasi commutative then eq. (1) holds.



Quantum homogenous space example.

Theorem A a Hopf algebra. A — H Hopf algebra projection. Let the dual
Hopf algebra H° be triangular and induce triangular structure on K := A°.
Then, the Hopf-Galois extension B = A C A is quasi-commutative and
infinitesimal gauge transformations are the vertical braided vector fields in

B ® Der%(A)inv ’

where Der(A);,, are the right-invariant vector fields defining the bicovariant
differential calculus on (A, R).



Examples from Drinfeld Twists deformation

Drinfeld Twist deformation of principal bundles give NC principal bundles (Hopf-
Galois extensions)

The deformation of the gauge Lie algebra gives the braided gauge Lie algebra.

Example . Trivial bundle. B C B ® H, with B = O(M) and H = O(G)
Infinitesimal gauge transformations is the free B-module

autg(B® H) = B® Lie(Q) (3)
with Lie(G) the right-invariant vector fields on G. Let X* basis of Lie(G).

Lie bracket: [b;X?, b;.Xj] = b;b/, [X?, X].
Twist deform with an abelian twist theta

F — €7Ti(9(H1®H2—H2®H1) (4)
associated with a torus action on B and obtain

[bz '0Xi7 b; 'HXj] RF — b’L '9b; *0 [Xza X]]7
where (b; X" (a) = b; X" (a) foralla € (By @ H).



Example . The instanton bundle on the sphere Si. The spheres S’ and S*
are homogeneous spaces.

Lie algebra of so(5)

[H1,Ho] =0; [Hj, Er] =rjEr;
[Er, E_] =r1Hy +1r0Hy;, [Er,Es] = NrsErss .

H;, j = 1,2 generators of Cartan subalgebra, Er labelled by the eight roots

r=(r1,m2).

Infinitesimal gauge transformations are H-equivariant derivations X which are

\éertical: X(b) = 0forb € O(S*). They form the ©(S*)-module generated
y

K1 = 2zHs + 8*V2Eo1 + 8V2Eo_1 K> = 2zH1 + o*V2E10 + aV2E_19
Wo1 = \/5(5]{1 + a*E11 + aEB_11) Wo-1 = \/5(5*1{1 +a*E11 4+ B _1_1)
Wio = V2(aH2 — 8*F11 + BE1-1) W_10 = V2(a*H2 + B*E_11 — BE_1_1)
W11 = 2zE11 + aV2Eo — BV2E10 W_11=2zE 1 1+ a*V2Ey 1 — B*V2E 19

Wi1=—2zF1 1+ 8V2E1 0+ aV2Ey 1 W_11 = —2zE_11 + 8V2E_10 + o*V2Eq;
where a*a + 8*8 + z2 = 1 coordinates of O(S%).

Infinitesimal gauge transf.: X = b1 K1 + bo Ko + > (brWy
b1, bo,br € 0(54).



Twist with and obtain the O(SU(2))-Hopf—Galois extension (6-instanton
bundle)

O(S5) = 0(8f)CBSUR) « o(s))

O(Sy) relations: a «a* 4 B 8% 4+ xwzx = 1 with
Q0B = 6—27T7j96 wa, Q .95* — 627Ti95*0904 (7)
The braided Lie algebra
aut Sg)(O(Sg ))

of infinitesimal gauge transf. is generated, as an O(Sg)-module, by the ele-
ments

X = by K1 + boeKo 4 SibreWr .
The braided Lie bracket of generic elements X, X’ in autO(Sg)(O(Sg,)) and
b,b' € O(Sy) is given by

[b+X, b« X'|g. = bey(Ra > ) 4[R* > X, X']g (8)



Independent braided Lie algebra brackets:

[K1, Kol = V2(@* W10 — s W_10)

[K1, Wm]RF = V2B« Ks + 2z «Wo1

[K1, Wi_1]g, = =2z Wi_1 + V2™ 5%, W10
[K1, Wiolg, = V2e ™8 Wi_1 — V2™ 5%, W1,
[K1, Wiilg, = 22 W11 — V2e ™84, Wig

[K2, Woilr, = V2 ™oy Wi1 + V2™ 0 s W_11
(K>, Wl—l]RF =2z W11 —V2e Py Wo 1
(K2, Wiglg, = 22+ Wio — V2a K1

[K2, Wiilg, = 22 W11 + vV2e™a Wor

[(Wor, Wi—1lg, = V2B «Wi_1 + V2™« (Ko — K1)
[Wor, WlO]RF = V2B +Wio — V2™ s Wo1

[Wo1, Wil = V28 Wi

[(Wi_1, Wiolg, = V2a«Wi_1

[(Wi_1, Wi1lr, = —V2e ™ a +,Wio

(W10, Wiilg, = V2a +Wi1



[W_1_1, Woilr, = V2e2™8W_1_1 — V2e™a*o (K1 + K>)
[(W_11, Wi_1lr. = V2e 2" 8%, Wo_1

[W_1_1, Wiolr, = V2aW_1_1 + V2™ 8", (K1 + K>2)

(W_1_1, Wiilg, = —2z (K1 + K2) — V2a «W_10 — V28 «Wo_1
[W_10, Woilr. = V262" 8 4 W_10 — V20"« Wo1

[W_10, Wi_1]r. = —V2a sWi_1 + V2 ™ 8% (K> — K1)

[Wio, W_10lr. = V2(8*Wo1 + B«Wo-1)

[(W_11, Woilr, = V2e2™08,W_11

[Wo—1, Woilr, = V2(a* W10 — o s W_10)

[(W_11, Wi_1]r, = 2z (K1 — K2) — V28%Wo1 + V2a«W_1g

NC Atiyah sequences

In classical case:

0 — autp(A) — Derjh,yA — DerB — 0 (9)

IS an exact sequence of Lie algebras associated with the principal bundle B =
Acoll C A Let it be K-equivariant. Associated with the Kg-equivariant Hopf-
Galois extension B = AEOH C Afr we have the exact sequence

0 — aut%FF(AF) — Derjn A — DerBg — 0. (10)



